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Introduction.
Given a discrete subgroup T of a semisimple Lie group G and a special class of nontempered unitary representations it of G, we express the multiplicity of n in L2(r\G) as the dimension of the sheaf cohomology of a line bundle over T\G modulo a compact Cartan subgroup of G, and we find the best vanishing theorem for this cohomology. These prototype results extend those known in the case when n is a discrete series representation.
In more detail let G be connected noncompact and linear, and assume T is cocompact in G and torsion free. We assume G has the rank of a maximal compact subgroup K and we fix a Cartan subgroup H of G contained in K. Let g, t, i} denote the complexified Lie algebras of G, K, H respectively, let A = A(g, fj) be the set of nonzero roots of 9 relative to h, let Qp be the root space of ß G A, and let Ajt, A" be the set of compact, noncompact roots respectively in A. Given a choice of a positive system of roots A+ in A one can assign a unique G-invariant holomorphic structure on the quotient D = G/H such that the space of antiholomorphic tangent vectors at the origin is given by where A£ = A+ n Afc, A+ = A+ n A", 26 = (A+) (the sum of roots in A+), (■)
is the Killing form of g, and where |5| denotes the cardinality of a set S. Assume that A + ¿ is regular and let ir\+s G G (the unitary dual of G) be the corresponding Harish-Chandra discrete series representation of G. If m^+j(r) denotes the multiplicity of ir\+s in L2(r\G) then for a very mild condition on A (see (2.10) below) we know that (i)H*(Y,£x) = 0 for q¿ q(X) in (1.2),
(ii) dimH«^(Y,l'x) = mx+s(r).
(1.3) is the solution of a conjecture of Langlands [2, 3] -obtained in part in [5] and fully in [9] . It is natural to consider therefore the extent to which analogues of (1.3) are possible for a nondiscrete series n G G. This is the content of problem 3 of Warner [6, p. 139 ]. Given such a rr one of the first steps is to find a candidate q(X,ir) for the role of 17(A).
In this paper we assume that G/K has a G-invariant holomorphic structure compatible with the choice A+ above and we assume that n G G is a highest weight representation with a nonsingular infinitesimal character. Then we find the right candidate c7(A,7r) and the analogue of ( 1.3)(ii)-Regarding (1.3)(i) our results indicate however that one must expect, in general, the existence of nonzero cohomology in dimensions ^ q(X, rr) (which prevents the immediate computation of m^r) by an index formula). We determine all such dimensions. The main result is Theorem 3.9, which appears in sharper form in Theorem 3.13. Theorem 3.9 relies basically on results developed in [4, 7, 8 ].
2. More notation.
As before we shall write (Q) for the sum of roots in a subset Q of A. We denote by W, Wk the Weyl groups of (g, fj), (6, h) respectively, and by 7 the set of integral linear forms on the dual space h* of f). Let A+ c A be as before, a positive system which we fix from now on. Thus if P C A is any positive system and 6 contains the Borel subalgebra f) + EagP 0» then
where Pn = P n An. In particular if 9 D bA for A G 7¿ we define (2.5) q(A;9) = 2\9u,n n QA| -|0","| + IQÁI-Then g(A; 9) is a nonnegative integer. A collection of parabolic subalgebras {0¿}*=1 each containing bA, A G 7¿, is called representative if 9Uin ^ 9Uj;n for i ^ j, 1 < i,j < i, and if for any parabolic subalgebra 6 D bA we have 0U," -9Ui n for some i. This definition is equivalent to that given in [8]; we thank Professor Kostant for pointing this out to us. Given such a collection we have the following important sets: For an integer q > 0 S(A,q) = {i:q(A;9i) = q and 9Utn = 0«,n for some parabolic subalgebra 9 = m + u D bA with (A + 6 -¿(A), A(m)) = 0}. 
5). Similarly from (iii)
PiA> {v=] (JVA -0j,,fB) U 9'u,in =► gA = QA n 0^n (again since QA n iVA = 0) 9(A;0') = |QA|+n-|0;,,n|, so by (i), (ii) ç(A;0) = g(A;0')^|0u,"|(=i)|0^,J.
Then from (v), (vi), \N\\ + K,n\ = |JVA -9'U,J + \9'U,J =» |7VA| = |iVA -9u,,n\ =► NK = A/A -0^n => NA n tfu,tn = 0, so by (iv) 9'u>n c 0u,n; i.e. by (ii), (vii) 0Ui)" = 0U,". But 0u,n = 0".oi"; hence
For the sake of completeness we give the "mild condition" on A referred to prior to (1.3). It is (cf. (2.9)) (2.10) (X + 6-6w,a) >0 for each a G P¿A). 3 . A vanishing theorem and statement of the main result.
We assume now that G/K has a G-invariant holomorphic structure so fixed that the space of antiholomorphic tangent vectors at the origin is given by (3.1) P" = Y 0-(cf. (1.1) ). This is equivalent to requiring that every a G A+ should be totally positive; i.e. a + /3GAfor/3GA/c=>a-r-/3GA+. Then also (3.2) G/H -» G/K and T\G/H -» T\G/K are holomorphic fibrations.
As we shall wish to make immediate applications of the results of [7, 8] we assume also that the complexification of G is simply connected. In general if P = Pk UP" C A is a system of positive roots compatible with a G-invariant holomorphic structure on G/K (i.e. every a G Pn is totally positive), so is the conjugate system Pk U -Pn which we shall denote by P. If A G J we also denote by A the character of H whose differential is A and thus we consider the cohomology Hq(Y,L\) defined in §1. As A G 7¿ is the A^-highest weight of an irreducible K module the sheaf Ok -* T\G/K and cohomology Hq(T\G/K, 0\) are defined similarly. On the other hand suppose we are given a parabolic subalgebra 9 = m + u D b\ for which (X + 6 -6^\ A(m)) = 0 (where we still assume X + 6 is regular and every a G Pn is totally positive). Let {0¿ = ml + u¿}¿=1 be a representative collection of parabolic subalgebras containing b\ (as defined earlier) and define for an integer q > 0 S(X,q) = {i:q(X;9i) = q and 9Ui>n = 9'u, n THEOREM 3.9. Let A G f)* be an integral form such that X + 6 is regular and such that every a G Pn is totally positive (cf. (2.1) ). Let 9 = m + u be a parabolic subalgebra containing the Borel subalgebra bA = f) + 2agp(*> 0" for which (X + 6-6^x\ A(m)) = 0 and let p(X,9) be the unique A~£ -dominant integral element in the Wk-orbit ofX + 6-6^ + (0U)"); cf. Then the irreducible G-representation n^x.e) with A+ -highest weight p(X,9) = A(A) + 26n + w(9u,n) is unitarizable and its multiplicity mXii(A e)(T) in L2(T\G) satisfies condition (ii)' fa Theorem 3.13 ¿s always satisfied. Hence (3.14) /io/ds /or A,0 subject to the conditions of Theorem 3.13 prior to (3.14).
In a future study we hope to extend the results of this paper to more general unitary representations having nontrivial relative (g, K) cohomology.
